We consider κ-deformed relativistic symmetries described algebraically by modified Majid-Ruegg bicrossproduct basis and consider the quantization of κdeformed free scalar fields on κ-Minkowski space. Using the noncommutative Fourier transformation of quantized fields, by modification of standard multiplication rule, we introduce the κ-deformed bosonic creation and anihilation operators. We define the n-particle states with classical addition law for the fourmomenta what is however not in contradiction with the nonsymmetric quantum fourmomentum coproduct. We introduce κ-deformed Fock spaces generated by our standard oscillators with modified κ-multiplication rule. We show that such a κ-deformed bosonic Fock space is endowed with the conventional properties of classical Fock space. Finally, we discuss the role of κ-deformed statistics in field-theoretic noncommutative framework as providing compensation of the effects of space-time noncommutativity.
1 Introduction.
The quantum deformed Poincare symmetries with mass-like deformations -so-called κ-deformations [1] - [5] -were recently studied as a quantum gravity modifications of Einstein's postulates of classical relativistic symmetries 1 . If we assume that the κdeformed symmetries are described by the Hopf algebra scheme, there are however problems, related mostly with the properties of coalgebraic sector. In particular, two problems in the framework of κ-deformations need to be solved: i) In all bases the four-momentum coproduct is not symmetric. If we postulate that such a coproduct describes the total fourmomentum of multiparticle states, the exchange of particles which does not modify the total fourmomentum requires new κ-statistics. In particular, it should be asked whether one can introduce consistently the κ-bosonic multiparticle states with classical symmetric addition law for the fourmomenta.
ii) Recently, the problem of quantization of noncommutative fields was solved in the case of noncommuting space-time coordinates satisfying the algebra [x µ ,x ν ] = iθ µν (θ µν = const). It was shown (see e.g. [9] - [12] ) that two modifications -due to noncommutativity of space-time and due to the θ µν -statistics -cancel each other. It is interesting to see whether in the case of κ-deformation similar compensation can be achieved.
In this paper we shall resolve the first problem, and indicate how for quantized κ-deformed field the deformation due to the space-time noncommutativity is compensated by κ-statistics. In our discussion we shall use the quantum κ-deformed Poincare symmetries formulated in modified bicrossproduct basis with classical Lorentz subalgebra, and the κ-deformed mass-shell invariant under the change P 0 → −P 0 . Such a basis is obtained if in standard bicross-product basis [4] , [5] we change P i → e P 0 2κ P i . Our κ-deformed Poincare algebra with generators M µν = (M i = 1 2 ǫ ijk M jk , N i = M i0 ) and P µ = (P i , P 0 ) satisfy the following Hopf algebra relations: a) algebraic sector
[ P µ , P ν ] = 0 ,
c) antipodes
The κ-Poincare algebra has two κ-deformed Casimirs describing mass and spin. The deformation of bilinear mass Casimir looks as follows 2
Because in any basis C κ 2 (P µ ) = C κ 2 (S(P µ )) we see that for the choice (12) any solution with P 0 > 0 has its "antiparticle counterpart" with P 0 → −P 0 .
The κ-deformed Minkowski space is defined as the translation sector of dual κ-Poincare group [4] , [13] by the following relations
In this paper we propose how to introduce the κ-statistics defining κ-bosons 3 and provide a consistent description of quantum bosonic fields defined on κ-deformed Minkowski space (13) . In Sect. 2 we shall consider the noncommutative free scalar fields with field quanta described by κ-deformed algebra of creation and anihilation operators with deformation encoded in deformed multiplication rule. We shall consider the noncommutative Fourier transform using the following deformation of plane waves . . .e ipµx µ . . . = e −ip 0x0 e ip ixi ,
satisfying the simple Hermitean conjugation property
wherep i ≡p i ( p, p 0 ) = e − p 0 2κ p i . Using the expansion of noncommutative fields into the κ-deformed plane waves (14) we shall define the creation/anihilation operators satisfying the κ-deformed field oscillators algebra. We shall introduce the algebraic properties of these operators in such a way, that the difficulty with the interpretation of nonsymmetric quantum addition law for the fourmomenta (see (8) , (9) ) will be removed. The κ-deformation of the oscillator algebra is described by a new multiplication rule (a · b → a • b), which will be also used in Sect. 3 for the construction of κ-deformed Fock space. Surprisingly, the Fock space constructed in such a way will have similar structure as the classical one, with classical fourmomentum addition law. In Sect. 4 we shall outline how for quantum κ-deformed free fields the κ-deformation of the oscillators algebra is compensated by κ-deformation of the Fourier exponentials. Unfortunately, we were not able to derive the exact microcausality condition for the κ-deformed quantum free fields.
2 The quantization of κ-deformed free K-G fields.
We describe the κ-deformed scalar free field on noncommutative Minkowski space (13) by decomposition into field quanta creation and anihilation operators with the use of κ-deformed Fourier transform (see (14) )
It should be stressed that the κ-deformed bicovariant calculus implies (see [14] , [15] ) that the free fields satisfying noncommutative K-G equation have the modified massshell
Such field can be described by a superposition of two fields of type (16) -one physical and the second one describing ghosts [16] , [17] . The mass-shell condition can be solved and leads to the following κ-deformed energymomentum dispersion relation (see e.g. [5] )
The field (16) can be decomposed into positive and negative frequency parts
The negative frequency part p − 0 = −ω κ ( p 2 ) provides for the complex field φ(x) the anihilation operators for the antiparticles. Using the relation
where
we obtain
In order to obtain the κ-deformed real scalar field, (i.e. we identify the particles and antiparticles)
one should assume that 4 4 The simplicity of the relation (24) follows from the relations (11) and (15); in arbitrary fourmomentum basis we have A(p + 0 , p) † = A(S(p + 0 ), S( p)) .
One can introduce the creation and anihilation operators by means of the relations
where as for the normalization factor we choose C( p 2 ) = Ω 1 2 κ ( p 2 ). The κ-statistics will be introduced in a way consistent with the addition law (9) of fourmomenta. It was already pointed out (see e.g. [18] , Sect. 5) that the standard (anti)commutativity of the operators (25) is not consistent with the quantum composition law for fourmomenta
We shall use the algebraic relations (see also (24))
as well as 5
is a shorthand notation of coproducts (8), (9) . The general κ-deformed creation operators algebra defining the κ-statistics can be written as follows 6 a κ (f 0 (p, q), f(p, q))a κ (g 0 (p, q), g(p, q)) = a κ (h 0 (p, q), h(p, q))a κ (k 0 (p, q), k(p, q)) , (29)
where lim κ→∞ f 0 = p 0 , lim
The consistent action of the fourmomentum operator on both sides of the eq. (29) leads to the following relations
We shall further assume that the relations (31) describe classical addition of fourmomenta, what can be achieved if we choose
The relation (29) takes the form a κ p 0 , e − q 0 2κ p a κ q 0 , e p 0 2κ q = a κ q 0 , e − p 0 2κ q a κ p 0 , e q 0 2κ p ,
5 Analogous deformed Leibnitz rule relations can be written for a † a † , aa † and a † a operator products. 6 We consider the most general relation in a given fourmomentum frame with fixed coproducts see ( (8), (9) where we should put p 0 = ω κ ( p 2 ) and q 0 = ω κ ( q 2 ). Using the conjugation property (24) and the definitions (25) one gets from (34) the relation for the anihilation operators
The remaining relation which is consistent with the Hermitean conjugation (24) and Abelian addition law for fourmomenta looks as follows (we recall that p 0 = ω κ ( p 2 ),
The κ-deformed oscillator algebra (34-36) can be rewritten in known classical form if we define the κ-multiplication of the oscillators a κ (p), a † κ (p) as follows
and when, in consistency with the conjugation relation a † κ (p) = a κ (−p) (see (24), (25)), we introduce
We see that in place of the relations (34)-(36) we obtain the standard algebra of creation and anihilation operators (
In order to extend the multiplication (37) to the product of any oscillators we define the triple κ-product as follows It is easy to check that
i.e. the κ-multiplication of oscillators is associative. The associative κ-deformed product of n oscillators looks as follows
. . . a κ p
Finally, we extend the formula (44) to arbitrary normally ordered product of creation and anihilation operators
Let us introduce the normalized vacuum state in standard way
where p 0 = ω κ ( p 2 ). The one-particle state is defined as follows
where from (27) we get
If we define two-particle states in the following way
by using (28) and (37) we get
From (37) follows the classical bosonic symmetry | p, q >= | q, p > .
Due to the associativity property of κ-multiplication (43) one can define the n-particle state by the κ-deformed product of n oscillators. We obtain
Extending by iteration the coassociative coproduct (8) and (9) to the tensor product of n-th order we can calculate the total momentum of the state (52)
We get immediately also the classical bosonic symmetry property | p (1) , . . . , p (i) , . . . , p (j) , . . . , p (n) >= | p (1) , . . . , p (j) , . . . , p (i) , . . . , p (n) > .
In order to complete the structure of κ-deformed Fock space we should define dual vectors and scalar product. We define the dual space in analogy to the relations (52)
We define κ-deformed scalar product of the basic vectors (52) and (55) as follows
0 , p (n) )|0 > , (56) and, using (41), it is easy to show that < k (1) , . . . , k (m) | p (1) , . . . , p (n) > κ = δ nm perm(i 1 ,...,in)
We see therefore that the fourmonentum eigenvalues and scalar products in κ-deformed Fock space are identical with the ones in well-known undeformed bosonic free field theory. It appears that the notion of κ-multiplication is very useful. It describes the κdeformation of the oscillators algebra as well as the operator-valued metric defining scalar product in κ-Fock space.
4 κ-deformed statistics and noncommutative spacetime: the composition of two deformations.
Let us introduce the κ-star product, which is homomorphic to the multiplication of two noncommutative plane waves at the same point of κ-deformed Minkowski space
where (see (9))
i.e. we choose the Weyl map describing star product which via multiplication reproduces the quantum addition law (26) (see also (9)). We shall extend (57) for two different copies of κ-Minkowski space (13) in the following way . . .e ipµx µ . . . · . . .e iqµŷ µ . . . ↔ e ipµx µ ⋆ e iqµy µ = e −i(p 0 x 0 +q 0 y 0 )+(p i e q 0 2κ x i +q i e − p 0 2κ y i ) .
From (59) follows by differentiation the relations
The relations (60)-(63) describe our choice of breading relations between two noncommutative Minkowski algebras with generatorsx µ andŷ µ . Let us consider now the product of two fields (16) at different "algebraic space-time points"x µ ,ŷ µ . After inserting the relation (25) we have (we recall that p 0 = ω κ ( p 2 ))
The noncommutativity of the field operator (64) has two sources -noncommutativity of space-time and deformed quantization of the oscllator algebra, described in Sect. 2. We shall introduce operator-valued homomorphic Weyl map φ(x) ↔ ϕ(x) with the fields ϕ(x) defined on classical Minkowski space and with the quantized κ-oscillators.
For bilocal products one gets the Weyl map
where the star product in (65) is given by (59). In particular, for positive frequency parts of the fields, after changing the variables and using the relation (37), we get We also obtain in analogous way
a κ (q) • a κ (p)e i(pµx µ +qµy µ ) .
If we apply the first relation (41) we see that the microcausality condition for positive frequency part [ ϕ + (x), ϕ + (y) ] ⋆ = 0 ,
is violated by terms proportional to 1 κ . In order to obtain the condition (67) the relations (34) should be suitably modified. The microcausality condition for free κ-deformed quantum fields and the proper functional renormalization of the κ-oscillators is now under consideration.
Final remarks.
The main aim of this paper was to show that one can introduce the Abelian addition law of fourmomenta for κ-deformed n-particle states, which is consistent with coalgebra structure of κ-deformed Poincare Hopf algebra. The difficulty with quantum non-abelian addition law of momenta was sometimes exposed as arguments against the physical applications of Hopf-algebraic structure of deformed symmetries. On such ideological ground appeared the approach of Doubly Special Relativity, which was constructed with the principle of avoiding controversial parts of Hopf-algebraic approach.
We add here that this paper provides only basis for further discussion theory, which should provide the final theory of κ-deformed quantum fields with κ-deformed statistics. One of the problems, which should be considered further is the status of microcausality condition in κ-deformed field theory. We would like also to stress that the presented here theory of free quantized noncommutative fields is only a preliminary step before the proper description of a perturbative expansion in interacting κ-deformed local field theory.
